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Abstract—The surface Boundary Element Method (BEM) is
one of the most commonly employed formulations to solve the
forward problem in electroencephalography, but the applicability
of its classical incarnations is lamentably limited to piece-
wise homogeneous media. Several head tissues, however, are
strongly anisotropic due to their complex underlying micro-
structure. This implies that standard boundary integral formu-
lations oversimplify the electrical properties of the head and
produce unrealistic solutions, something that drastically limits
the suitability and impact of BEM technologies to brain imaging.
This contribution addresses this issue by observing that the
brain anisotropy in the white matter is due to the presence of
neuronal wire-like structures. We then extend the well known
wire integral equations used for high frequency problems to the
imperfectly conducting quasi-static case and we propose a new
hybrid wire/surface/volume integral equation. When applied on
multimodal magnetic resonance images combined with tractog-
raphy, this new approach can flexibly and realistically handle
the conductivity anisotropy in any head compartment providing
high level of accuracy and efficiency. The beneficial properties of
the new formulation together with its impact on brain imaging
is demonstrated via numerical results on both canonical and
realistic case scenarios.
Index Terms—EEG forward problem, integral equations,
anisotropic brain tissues.
I. INTRODUCTION
The forward problem in electroencephalography (EEG) [1]
is the characterization of the relationship between the neural
activity occurring in the brain and measurements of the electric
potential on a set of scalp electrodes. Its solution plays a
central role in many brain imaging applications, including
EEG source localization and transcranial brain stimulation.
The forward problem is generally solved with numerical for-
mulations applied on realistic, Magnetic Resonance Imaging
(MRI)-derived meshes. Among them, the Boundary Element
Method (BEM) [2] has been widely adopted as it provides a
solution in the full domain with high numerical accuracy and
unmatched discretization efficiency. Indeed, it relies on surface
integral equations discretized over the interfaces separating the
head compartments, whereas other numerical methods such as
the Finite Element Method (FEM) have to discretize the full
volume. However, the BEM relies on the restricting assump-
tion that each compartment is electrically homogeneous, which
is not verified in practice. More specifically, the skull has a
multi-layered structure that alternates between compact and
soft bone. Furthermore, white matter is made of thin and long
axon bundles along which ions flow much faster than in or-
thogonal directions. Several studies have shown that neglecting
these distinct electric profiles may lead to important modeling
errors (the reader may refer to [3] and to references therein),
thus curbing the use of integral equation-based methods for
the forward problem. On the other hand, differential equation-
based methods are able to handle anisotropy using volume
elements, but white matter modeling remains a challenge as
they rely on an ambiguous diffusion tensor imaging (DTI) fit
of diffusion MRI [4], and the following conversion from water
diffusivity to electrical conductivity has yet to reach a clear
consensus [5], [6].
A key property of the anatomical organization of white mat-
ter lies in the fact that its elementary constituent is analogous
to a wire. A few contributions have considered this property
for the brain to derive brain equations [7]–[10]. In contrast,
the treatment of wires has been extensively studied with one-
dimensional integral equation techniques in high frequency
electromagnetic problems [11]. In this work, we adapt this
wire formalism to the quasi-static EEG forward problem by
perturbing the standard surface integral equations in the in-
homogeneous domain with physiologically matching wire and
volume degrees of freedom that handle the local anisotropy.
The resulting wire, surface and volume integral formulation
extends the BEM framework to the general anisotropic case,
enabling diffusion MRI consistent representation of the white
matter for the integral solution of the EEG forward problem.
Numerical results on spherical and MRI-derived head models
confirm the validity and applicability of the proposed formu-
lation.
II. FORWARD PROBLEM
The head volume consists of N nested layers Ω =
⋃N
i=1Ωi
with external boundary Γ =
⋃N
i=1 Γi, and is surrounded by
air ΩN+1. Each layer Ωi is described by a homogeneous
background scalar conductivity σi which may differ from the
actual conductivity, represented in all generality as the position
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dependent, positive definite tensor σ¯(r). The forward problem
amounts to deriving the unknown electric potential φ(r) given
a source located in r0 ∈ Ω and impinging a known primary
current Js(r). In the quasi-static approximation of Maxwell’s
equations, they are linked by Poisson’s equation
∇ · (σ¯(r)∇φ(r)) = ∇ · J(r), r ∈ Ω (1)
with the boundary conditions
φ(r)|−i = φ(r)|+i , r ∈ Γi , (2a)
nˆ · σ¯(r)∇φ(r)|−i = nˆ · σ¯(r)∇φ(r)|+i , r ∈ Γi<N , (2b)
nˆ · σ¯(r)∇φ(r) = 0 , r ∈ ΓN , (2c)
where nˆ is the unitary outward normal vector and J = Js is
the source term. The first two boundary conditions enforce the
continuity of the potential and the current across the interfaces
Γi while the last one stems from the fact that the surrounding
air is non-conducting, i.e. σN+1 = 0.
In the standard BEM, the conductivity is assumed to be
piecewise homogeneous, such that σ¯(r ∈ Ωi) = σiI . In that
setting, Poisson’s equation becomes
σi∆φ(r) = ∇ · J(r) , r ∈ Ωi . (3)
III. A NEW FORMULATION FOR THE EEG FORWARD
PROBLEM
The standard BEM is accurate only to the extent that the
isotropic conductivity σi reasonably approximates the actual
conductivity σ¯(r). This assumption is poorly verified in the
case of the skull and the white matter. The deviation from
this assumption is characterized by the conductivity contrast
χ¯, defined in each compartment as
χ¯i(r) = (σiI − σ¯(r))σ¯−1(r) , r ∈ Ωi≤N . (4)
With this definition, the contrast is null in every isotropic layer.
Since the air is non-conducting, we extend the definition to
χ¯N+1 = 0. Without loss of generality, Poisson’s equation can
be rewritten in each compartment as
σi∆φ(r) = ∇ · (Js(r) + χ¯i(r)σ¯(r)∇φ(r)) , r ∈ Ωi. (5)
Hence, by considering the last term as an additional equivalent
current Jeqi = χ¯iσ¯∇φ, we modify the primary current as
J = Js +
∑
i Jeqi to cast the general anisotropic Poisson’s
equation (1) as its standard piecewise uniform version (3).
A. Surface Equations
We consider the single-layer potential of the standard BEM
[2] us =
∑N
i=1 SξΓi , where ξΓi = nˆ∇φ|−i − nˆ∇φ|+i rep-
resents the charge accumulation across the interface Γi. This
surface quantity can be computed by enforcing the boundary
conditions on each interface, resulting in N surface integral
equations
σi+σi+1
2(σi+1−σi)ξΓi + nˆ · ( 12σi+1Jeqi+1 − 12σiJeqi)
−
N∑
k=1
[D∗ξΓk − 1σkD∗vJeqk ] = − 1σsD∗vJs, r ∈ Γi , (6)
where we used the same operator notation as in [12] σs is the
isotropic conductivity of the compartment in which the source
lies. The forward problem solution is expressed as the sum of
the single-layer potential, the equivalent current potential and
the homogeneous medium solution
φ(r) =
N∑
k=1
[SξΓk(r)− 1σkS∗vJeqk(r)]− 1σsS∗vJs(r) , r ∈ Ω.
(7)
The equivalent currents maintain the generality of the solution
to Poisson’s equation, but require additional equations since
they entail new degrees of freedom.
B. Volume Equations
A new set of independent equations can be obtained by
taking the gradient of (7) to yield [12]
−(σiI − σ¯)−1Jeqi +
∑
k
[∇SξΓk − 1σk∇S∗vJeqk ]
= 1σs∇S∗vJs , r ∈ Ωi, χ¯(r) 6= 0. (8)
Note in particular that these equations are defined wherever
there is a non-zero conductivity contrast: when numerically
solving these equations, this implies that only the inhomoge-
neous domain has to be discretized.
C. Wire Equations
Although the previous volume equations can be used for any
inhomogeneous domain, the brain white matter can be treated
differently by exploiting its fibrous structure. At any location r
in the compartment enclosing the white matter Ωiw , the white
matter is considered as more conductive along the direction of
any fiber passing through r with local orientation denoted lˆ,
radius a and length L. The contrast χ¯iw becomes a projection
to the fiber direction so that the equivalent current is defined
as a scalar function along the wire direction Jeqiw = (σiw −
σl)
∂φ
∂l lˆ = Jeqiw lˆ, where σl is the longitudinal conductivity.
The wire integral equations obtained by taking the derivative
of (7) along lˆ are
− 1σiw−σl Jeqiw +
∑
k
[∇lSξΓk− 1σk∇lS∗vJeqk ] = 1σs∇lS∗vJs,
r ∈ Ωiw , χ¯(r) 6= 0. (9)
D. Discretization
We follow a Galerkin approach to solve the forward problem
numerically, i.e. the unknowns are expanded with a set of basis
functions and the equations are tested with the same functions.
The single-layer unknowns are discretized with pyramidal
basis functions which are more accurate than patch basis.
The volume and wire currents are expanded with Schaubert-
Wilton-Glisson and piecewise linear basis functions respec-
tively which are divergence conforming and automatically en-
force the boundary conditions across adjacent basis elements.
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Fig. 1. Relative error for a piecewise isotropic model
IV. NUMERICAL RESULTS
The accuracy of the new formulation is first validated on
spherical models for which analytical solutions are known.
The results are depicted in Figure 1 where it is evident that
the new formulation provides correct solutions when compared
with the reference (analytical or high order FEM) with errors
which remain below 5% up to high source excentricity in all
tests.
Fig. 2. Scalp potential on an MRI-derived mesh
The proposed method is also applied on real data to demon-
strate its versatility in modeling anisotropy. We used MRI
datasets and template models from the libraries [13], [14] to
obtain realistic surface and volume meshes. The wire mesh
of white matter is obtained from streamline tractography [15]
and clustering [16] of the diffusion MRI data. The tessellated
geometry is illustrated in Figure 2 and 3. The resulting solution
along with a comparative DTI-based FEM model are computed
and Figure 4 highlights the consistency between both methods
as well as the impact of anisotropy modeling in the skull and
in the white matter.
Fig. 3. Fiber current on a tractography-generated mesh
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Fig. 4. Electrode potential across different conductivity models
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